Free surface wave arisen from the shear layer instability on a liquid jet is investigated experimentally and theoretically. The stability analysis is conducted for initially laminar free-surface shear layer with different levels of simplification of velocity profile (i.e., numerical shear-layer profile separated from nozzle exit and two kinds of simplified velocity profiles obtained through linear and piecewise-linear fitting of numerical profile). It is shown that the linear perturbation equation has temporally-neutral, spatially-unstable solutions by substituting all kinds of local velocity profiles. On the other hands, the periodic two-dimensional waves on liquid jet are measured by using a laser beam refraction technique. The frequency of the most-unstable solutions shows fair agreement with the measured dominant frequency of free surface waves. The linear stability analysis can be simplified drastically by introducing linear or piecewise linear approximation of the velocity profile. Such simplification does not result in large discrepancy from the detailed-model, or experimental data, except in the initial region of the jet where arbitrariness exists in simplification of velocity profiles.
Introduction
Liquid jets emanating from a solid nozzle into a gas or vacuum environment include a shear layer beneath the free surface, as illustrated in Fig. 1 , as a result of the development of a viscous boundary layer along the nozzle wall. The growth of turbulence in the shear layer generates waves on the jet free surface. Even when the shear layer is initially laminar, it would become turbulent in high-or moderate-Reynolds-number jets of practical importance. We have conducted experiments on water jets with velocities up to 20 m/s and performed linear analyses of the instability modes of the initially-laminar shear layer (1) - (3) .
The work was done with an interest in the instabilities that may occur in a proposed high-energy beam target with use of a liquid metal flow (4) and in conceptual fusion reactor liquid-wall/blanket (5) . The reasonable agreement between the data and the predictions confirmed that the shear-mode instabilities are responsible for wave generation on high-speed liquid jets with an initially-laminar shear layer. The complexity of linear two-dimensional stability problem near free surface (6) - (8) depends on how the velocity profile in the shear layer is treated. Stern and Adam (9) and Caponi et al. (10) showed that the inviscid Orr-Sommerfeld equation (or the Rayleigh equation) for a free-surface shear flow can be reduced to a cubic equation if the velocity profile is approximated by a single straight line where its second order derivative takes zero whole range of profile. Longuet-Higgins (11) used likewise a two-region, piecewise-linear approximation to derive a quartic equation. These simplified approaches are useful in evaluating the influences of various parameters on the unstable modes. However, they have scarcely been validated against experimental data. Even though some discussions in literatures (12) (13) have represented the aspects of these instabilities for simplified self-similar velocity profiles, they are mostly concerned with low-shear cases rather than high-shear, high-speed cases which are of present interest.
In this paper, we calculate the unstable modes with three models with different degrees of simplification. The analytical results are compared with the wave frequency measured with an optical technique. It is shown that the most-unstable modes can be predicted even with a very simplified approach. These results will bring meaningful analytical method for the liquid metal target design or making a survey of operating condition. Although linear analysis is applicable only to the initial growth of perturbations, the dominant frequency and the wave amplitudes attained in the initial stage are known to have a significant influence on those in the later stages. Figure 2 shows an elevation view of the test section, which is made of acrylic resin. The facility uses water as the working fluid. The convergent nozzle with contraction ratio of 5.5 generates a planar jet, 10 mm in depth and 100 mm in width. We used two perforated plates (aperture diameter = 6 mm, open area = 51 %) to suppress secondary flows and to obtain a nearly uniform velocity profile at the test section inlet. A flat ceiling is employed to measure the development of boundary layer along the nozzle wall. The jet flows along a horizontal backwall. The width of jet is uniform throughout the whole free-surface jet section and its ceiling is open to atmosphere to allow visual observation of the jet free surface.
Experiment
We first measured the velocity profile of the jet-surface shear layer at the nozzle exit by using a laser-Doppler velocimeter (LDV) for cross-sectional average velocities at the nozzle exit U m ranging from 3.5 to 15.0 m/s. The beam waist is 46.8 µm at the measuring volume.
The measured velocity profiles are well fitted by the theoretical laminar boundary layer profile for U m ≤ 5.7 m/s. Classical boundary layer analysis, as performed in Ref. (3) , shows that this results from the relaminarization, or reverse transition, of the turbulent boundary layer that develops along the upper wall of the nozzle. The relaminarization occurs due to steep flow acceleration in the nozzle convergent section.
Typical microflash (4-µs) picture of the jet free surface is shown in Fig. 3 . At relatively small exit velocities of U m ≤ 8.0 m/s, three distinct regions can be identified with respect to the wave development in the flow direction. The jet starts with a smooth initial region with almost no visible waves. It is followed by the second region, which includes periodic two-dimensional (2D) waves with dominant wavelengths of 0.5 to 1 mm and wave amplitudes becoming greater with the distance x from the nozzle exit. Finally, the 2D structure of waves breaks down into less regular three-dimensional (3D) wave patterns. The velocity profile of the free-surface shear layer was also measured with LDV at different distances x from the nozzle exit for the initially-laminar cases. The measurement, however, was successful only for limited cases. The surface waves caused difficulty in determination of velocity distribution within a thin shear layer. The surface velocity was measurable since the velocity gradient is essentially zero immediately below the free surface. The measured free surface velocities represented by the form of nondimensional velocity deficit w c ( ≡ 1−u(x,0)/U 0 ) are plotted against the nondimensional distance from the nozzle exit, X ( ≡ x/δ 1 Re δ1 ) in Fig. 4 , where U 0 is free stream velocity at the outer edge of shear layer and Re δ1 ≡ U 0 δ 1 /ν is Reynolds number based on the momentum thickness. The nondimensional free-surface velocity deficit w c equals unity at the nozzle exit and decreases as the shear layer relaxes. If we neglect the effects of the jet surface curvature and the surface tension, the flow fields is similar to half the wake behind a zero-thickness flat plate. The theoretical velocity at the center of the laminar flat plate wake calculated by Goldstein (15) is also plotted in Fig. 4 . The initial changes in w c agree with the laminar wake theory, and the decreases in the region further downstream (X > ~1) are more quickly than that of theories. Figure 5 shows the optical arrangement for the measurement of waves. A 1-mW laser beam is shot vertically on the water surface. A lens reduces the beam diameter to be < 0.1 mm at the water surface. The beam is refracted by the local slope of the water surface and passes through the water jet, the transparent back wall and air before hitting the optical sensor (Hamamatsu Photonics, S1881). The sensor measures the 2D location of the light spot on the planar pn-type photodiode. The photocurrent signals are amplified and processed by a special circuit (Hamamatsu Photonics, C4674) to obtain a pair of output signals that are proportional to the spot displacements in the streamwise (x) and spanwise (z) directions. The sensor itself has a maximum response frequency of 300 kHz, although the frequency range is limited by the signal processing circuit to 33 kHz. The circuit output signals are sampled at the rates of 100 kHz and recorded 1,048,576 data points for each measurement. The power spectra of the local slope angle in the streamwise and spanwise directions are shown in Fig. 6 for four locations along the jet of U m = 5.0 m/s. The total power of the slope angle is initially small but increases with the distance x from the nozzle exit. The power spectra have a clear peak in the 2D-wave region of x ≤ 22 mm but have only broad, less significant peak in the 3D-wave region of x > 22 mm. The spanwise slope angle indicates lower and less significant spectral peaks than the streamwise slope angle for all the cases. Qualitatively the same results are obtained for other jet velocities; however, the 2D wave region, as characterized by a clear peak in the streamwise slope angle, disappears for U m > 8.0 m/s. The disappearance of 2D wave region is caused by the increase in the initial turbulence level in the shear layer, as the relaminarization in the nozzle becomes incomplete. Hereafter, we concentrate on the initially-laminar cases (U m ≤ 5.7 m/s) and will see how the linear stability analyses can predict waves observed in the experiment. 
Linear Stability Analysis

Perturbation equation and boundary conditions
A free-surface shear layer on a two-dimensional jet as illustrated in Fig. 1 is considered.
The momentum thickness δ 1 of the shear layer is much smaller than the depth of the jet. The shear layer is considered to be locally parallel. The flow is denoted as the sum of mean and small perturbation components 
where the subscript y denotes partial differentiation. The Reynolds number based on the measured momentum thickness of the shear layer in the present experiment is greater than 160. This justifies neglecting the viscous term in the right hand side of Eq. (1) to obtain the Rayleigh equation,
The kinematic condition on the free surface can be written as
The normal force balance, or the dynamic condition, on the free surface is
where
is the phase speed of the capillary-gravity wave.
Laminar calculation of velocity profile
Stability analysis requires the knowledge of velocity distribution in the shear layer at the streamwise location of interest. We deal with initially-laminar cases where the initial velocity profile at the nozzle exit is that given by the laminar boundary layer theory. The initial momentum, integrated over the thickness of the shear layer, is preserved since the free surface is shear free, but the momentum diffuses in the direction normal to the flow.
The velocity gradient in the shear layer thus relaxes, and the thickness of the shear layer increases, with the distance from the nozzle exit. When the flow remains laminar, the velocity profile approaches asymptotically to a half of the self-similar profile known to exist in a two-dimensional laminar wake far behind an obstacle.
We determine the velocity profiles during the transition between the two self-similar profiles by numerical analysis with computational fluid dynamics code FLOW-3D ver.6 (16) since the experimental determination has been found to be difficult. We assume that the free surface remains flat, and that the flow remains laminar and steady. Typical calculated velocity profiles are shown by black solid lines in Fig. 7 for two locations downstream the nozzle exit. The relaxation of velocity profile can be quantified by the nondimensional free-surface velocity deficit w c as exhibited in Fig. 4 . The nondimensionalized profiles as shown in Fig. 7 depend only on w c and not on Reynolds number.
The calculated profiles indicate good agreement with experimental data (although taken only for limited cases) when the comparison is made for the same values of w c . The decrease in w c with x, however, is much faster in the experiment than in the calculation. This suggests that the Reynolds stress contribution to the momentum transport, which is disregarded in the calculation, is significant in the real flow with a wavy free surface. 
Linear stability analysis for laminar velocity profiles
First we solve the perturbation equation for the calculated velocity profiles exemplified by black lines in Fig. 7 . We employ the Chebyshev collocation procedure (17) (18) 
where 
where an unknown constant A is introduced as a part of a matrix eigenvector and can be solved simultaneously with eigenvalue (18) . The lower-edge boundary condition is
where δ is shear layer thickness.
The Rayleigh equation (2) and the boundary conditions (8) and (9) can then be reduced to the form of a matrix linear eigenvalue problem with respect to the complex wave velocity c, 
where m ( ≡ δ /2) is a scale factor given for individual locations. 
where subscripts r and i denote the real and imaginary parts, respectively. The spatially-unstable modes (−α i > 0) with neutral stability in time (ω i = 0) are compared with the experimental data since the observed waves exhibit, on average, a quasi-steady growth with the distance from the nozzle exit.
Linear analysis for simplified velocity profiles
Stern and Adam (9) used a single straight line to express the velocity profile over the entire thickness ∆ of shear layer,
where Ω ≡ [u(x,0)−U 0 ]/∆ is the characteristic velocity gradient. Since the second order derivative takes zero for the entire thickness of shear layer, the Rayleigh equation (2) reduces to 0
With the lower edge boundary condition, that is 0 Equation (16) There is arbitrariness in the way of fitting curved profiles with a single line. We do this by equating Ω to the maximum velocity gradient in the original profile, while preserving the surface velocity. The thickness ∆ is the depth where the linear profile attains the velocity U 0 as shown by the blue line in Fig. 7 . A somehow different approach from the single-line model Eq. (13) was taken by Longuet-Higgins (11) in considering a shear layer lying on a deep undisturbed fluid. In this study, the velocity profile is approximated by a two-step piecewise-linear profile such that (17) where ∆ 1 and ∆ 2 are the depth of upper and lower nodes of velocity profile. Eqs. (14) and (5), together with the continuity of ṽ , y ṽ and p at the each nodes, result in a quartic
We determine the value of ∆ 1 , ∆ 2 and Ω so that the non-zero-vorticity portion of (17) makes the tangent of the original velocity profile at its inflection point, while preserving the surface velocity, as shown by the red line in Fig. 7 .
These simplified stability theories including boundary conditions and calculation methods are listed in Table 1 and compared with the numerical stability analysis assuming with the unabridged velocity profile.
Analytical Results
Dominant wave frequency
The spatial growth rate of the purely-spatial (ω i = 0) modes is plotted against nondimensional wavenumber in Fig. 8 for the location where w c = 0.50. The details of detecting method of purely-spatial modes has been explained in our previous work (3) .
The stability of the free-surface shear layer depends on the magnitude and the phase angle of restoring forces. The boundary condition (4) The calculated results for all three models indicate a peak in the spatial growth rate. It is likely that the most-unstable perturbation having the maximum growth rate is amplified and becomes visible waves on the free surface.
The frequency of the temporally-neutral solution having the maximum spatial growth rate is plotted in Fig. 9 for all three models, in comparison with the measured dominant frequency along the centerline of the jet in the experiment. This plot is made for an abscissa variable of w c to make comparison with experimental data obtained for velocity profiles comparable to those assumed in the stability analysis. Moreover, the accuracy in detecting the purely-spatial most-unstable mode is improved by using iterative bisection method.
The analysis for the unabridged profile agrees fairly well with the measured dominant frequency throughout the smooth and 2D-wave regions, except for the downstream end of the 2D-wave region where the most-unstable frequency decreases quickly. The growth rate at this location also decreases as will be shown.
The simplified models overpredict the wave frequency in the region near the nozzle exit for which the linear or the piecewise-linear profiles, as defined in the present work, does not fit well the original velocity profile as shown in Fig. 7 (a) . However, reasonable approximation is achieved at about w c < 0.6 even with these simplified models. 
Most-unstable wave
The streamwise variation of the maximum growth rate and corresponding most-unstable wavenumber are shown in Fig. 10 for U m = 5.0 m/s. The detailed model predicts the growth rate to be nearly constant near the nozzle exit, but to start decreasing as the velocity profile relaxes. The amplification in the initial length of the jet appears to be responsible for the occurrence of the periodic 2D waves observed in the experiment.
The simplified models predict greater amplification rates and wavenumber than that of the detailed model near the nozzle exit, as they did for the wave frequency. The simplification of the velocity profile really affects the stability analysis results; however, even the simplified models work reasonably well. This makes a contrast to what is reported in literature for temporally unstable modes in low-shear, low-Fr flows for which a factor of ten differences were found between the amplification rates predicted for piecewise-linear and detailed velocity profiles (12) .
Finally, the dependency of maximum growth rate are plotted in Fig. 11 as a function of the local Weber number We δ1 ( ≡ {[u(x,0)−U 0 ] 2 ρδ 1 /T} 1/2 ) based on the momentum thickness for different velocity deficit of w c = 0.98 and 0.50. In this calculation, the influence of gravity acceleration is neglected. The local value appropriate to the analysis in Fig. 8 (U 0 = 5.0 m/s) are We δ1 = 3.6, 1.9 and 1.1 for w c = 0.98, 0.50 and 0.30 respectively. As local velocity deficit decreases, as it does along the jet-surface, the local We δ1 decreases. Although another branch, so called "Branch I" in Refs. (11) and (17), also arises for lower We δ1 condition (e.g., 0.01 < We δ1 < 0.2 for w c = 0.98) in the present analysis, the spatial growth rate of this branch is considerably smaller than that of the modes associated mainly with the growth of free surface waves immediately downstream the nozzle exit.
When w c = 0.98, the variation of maximum growth rate with the local We δ1 has discrepancy between simplified and detailed models as in the previous analysis. The simplified models have no unstable solutions, so called neutral stable region, for 0.2 < We δ1 < 1.0 while the detailed model does not. In addition, for large We δ1 , where the unstable solutions are free from the influence of surface tension, the levels of simplification of velocity profile continue affecting the characteristics of most unstable waves. As the velocity profile relaxes, however, the neutral stable region occurs on the solutions predicted by the detailed model. The dependence of maximum growth rate on We δ1 becomes irrespective of the simplification of velocity profile. 
Conclusions
Free-surface instabilities on liquid jets have been studied by performing linear stability analysis of the shear layer underneath the free surface and by conducting experiments with water jet. The stability analysis was conducted for velocity profiles calculated with an assumption that the shear layer is laminar, and for two kinds of simplified profiles obtained through linear and piecewise-linear fitting of the laminar profiles, respectively. The most important observations from the present study are as follows: 1. The frequency of the most-unstable solution analytically derived for the laminar profile agrees well with the measured dominant frequency of the waves on the jet free surface at the location where the velocity profile of the shear layer is comparable to that assumed in the stability analysis. 2. The simplified models indicated discrepancy from the detailed model in the jet initial region. This may be related to the arbitrary choice parameters in fitting the laminar profiles. Except in the initial region, however, the simplified models show reasonably good agreement with the detailed model and the measured dominant frequency. 3. The spatial growth rate takes a maximum at the initial region of jet after exiting the nozzle exit. This indicates that the periodic 2D wave is a manifestation of the amplification of perturbations in shear layer underneath the free surface. The spatial growth rate predicted by simplified perturbation equations is greater than that of numerical solution, however, the difference is less than 100% for the range of analytical parameters in the present work (U m ≤ 5.7m/s, 0.25 ≤ w c ≤ 0.98). 4. At the immediately downstream the nozzle exit, the separated shear layer underneath the free surface is unstable for all range of calculated Weber number We δ1 in the present work, whereas the maximum spatial growth rate decreases with increasing in the influence of surface tension. As the shear layer relaxes, however, the neutral stable region occurs due to the surface tension that restores the fluctuation of free surface.
